Abstract-The problem of a monopole mounted near the edge of a wedge or a vertex is considered. Three types of solutions-surface patch modeling, moment method/geometrical theory of diffraction (MM/GTD), and MM/eigenfunction-are presented, discussed, and compared with measurements. Results are in the form of input impedance and radiation patterns.
I. INTRODUCTION
PROBLEM of continued interest is the behavior of antennas mounted on conducting bodies, where quantities of interest include radiation patterns and input impedance. The authors have previously presented [ 1 J a surface patch moment method (MM) solution capable of treating wire antennas mounted on conducting structures constructed from rectangular plates, with the limitation that the antenna be mounted n o closer than about 0.2 h from an edge. Recently, this restriction was relaxed by developing an expansion mode suitable for handling antennas mounted near or on a half-planetype edge [ 2 ] . It is part of the purpose of this paper to describe techniques whereby this surface patch moment method solution can be further extended to treat an antenna mounted near the edge of a wedge of arbitrary angle ( Fig. l(a) ), or mounted near a comer or vertex ( Fig. l(b) ). In particular, it is desired to be able to treat cases where the antenna is within two tenths of a wavelength from the edge of a wedge orvertex. In addition, two other solutions to this problem will be presented; the MM/GTD (geometrical theory of diffraction) hybrid method
[ 3 ] , and the MM/eigenfunction method. Features of these three different solutions, such as accuracy, ease of implementation, and generality will be compared and contrasted. Measurements of input impedance for most of the geometries considered are also presented. It is felt that input impedance, besides being a quantity of interest in its own right, is a good indicator of o;erall accuracy in most moment method solutions. No far-field radiation patterns for an antenna mounted on a wedge are presented since the literature contains many such results [ 4 ] , [5]. However, radiation patterns for an antenna mounted near a corner are not so commonly available. Hence, such a pattern, computed by surface patch MM and also by using a recently developed GTD dyadic comer diffraction coefficient [ 6 J , is presented here.
The problem of a wire antenna in free space can be solved via the moment method solution of an integral equation using the free-space Green's function. If the wire antenna is in the presence of another scattering structure there are two possible modifications. The first is to replace the free-space Green's function by the special Green's function for the particular scattering structure. The second approach is to retain the freespace Green's function, but suitably expand the currents on the wire and the scattering structure, and solve for the expansion coefficients in the MM solution. The advantage of the first approach is that no new unknowns are introduced into the MM solution and the size of the impedance matrix does not increase over that of the isolated wire, while the disadvantage is that the Green's function of the scatterer must be known in a computationally efficient form. The advantage of the second approach is that the Green's function of the scatterer need not be known, while the disadvantage is that new unknowns are introduced and the size of the required impedance matrix can increase substantially if the scatterer is electrically large. The surface patch moment method solution corresponds to this second approach, while the MM/eigenfunction and MM/GTD methods are examples of the first approach (GTD can be viewed as a high-frequency approximation to the special Green's function).
These three different types of solutions will now be described in detail, followed by numerical results and measurements.
SURFACE PATCH MOhiIENT METHOD SOLUTION
This solution is based on the authors' previously described [ 1 J , [ 71 surface patch moment method formulation. Briefly, the surface patch technique is a moment method solution of the electric field integral equation capable of treating flat rectangular conducting plates, conducting wires, plate-to-0018-926X/82/0500-0401$00.75 @ 1982 IEEE plate attachments, and wire-to-plate attachments. Hence, three types of expansion modes were used: 1) rectangular surface patch modes, to expand the plate surface current densities, 2) thin-wire modes, to expand wire currents, and 3) a special "attachment mode," to handle the wire-to-plate attachment. It is this "attachment mode" that is of primary interest here.
The attachment mode described in [ 11, [ 71, and shown in Fig. 2(a) , had the properties of enforcing continuity of current from the wire to the plate and of enforcing the l / p singularity in surface current density in the vicinity of the attachment point. The surface current density of this attachment mode (normalized for 1 A terminal current) was
2'
where k = 2x/h, b is the outer radius of the circular disk (generally chosen to be about 0.2 A), Q is the radius of the attached wire, and p is a radial distance from the attachment point, as shown in Fig. 2(a) . This mode worked well as long as the attachment point was 0.2 h or more from any edge. Accuracy deteriorated when the attachment point was much closer than this, probably because of reduction in the area in which the l / p singularity was enforced and the lack of an azimuthal variation of surface current, which becomes increasingly significant as the monopole gets closer t o t h e edge.
The 
, ensuring continuity of current. The generalization of this mode to handle an antenna mounted near or on the edge of a wedge of arbitrary angle will now be described. 
EDGE
The wedge is more complicated than the half-plane geometry because current can flow from an antenna mounted on the top face over the edge and onto the other face. This "fold-over'' current is highly nonuniform, due to the conjunction of the l / p source singularity and the edge, and must be adequately represented by the expansion modes for accurate results. An attachment mode that can do this is shown in Figs. 2(c) and 2(d). The attachment mode disk consists of two parts-a disk current which is similar to the half-plane mode, and a fold-over current which allows current flow around the edge.
The current distribution on the attachment disk is L where a is the wedge angle, B is a suitable normalization constant, and b(@) defines the variable radius of the disk, as before. The factor involving the wedge angle a dependence in (3) was chosen so that the attachment disk would have the same radial dependence as the half-plane mode (2) This attachment mode then has the following properties:
1) continuity of current everywhere (no line or point charges)
2) enforcement of 1 / p singularity in surface current density in vicinity of attachment point 3) azimuthal variation in current: for a < T more current flows away from edge than toward it, for a > T the opposite is true 4) reduces qualitatively (no +variation) to original attachment mode (1) ford B 0.2 X, or for a = T 5) reduces to half-plane type attachment mode (disregarding normalization) for a = 0.
Thus, this mode contains the earlier attachment modes as special cases. This mode can be constructed from piecewise sinusoidal dipoles, which have been found to be computationally efficient [ 71.
Results for Wedge Geometries
The attachment mode was found to give accurate results for various wedge geometries.
Figs. 3-5 show input impedance (2 = R + j X ) for a X/4 monopole on a wedge of arbitrary angle a, on a 90' wedge, and on a 270° wedge, respectively.
These figures also show results from other solutions and measurements, which will be discussed later. All of the wedges in Figs. 3-5 consist of two 0.4 h X 0.4 X square plates. The total number of modes (unknowns) and CPU time for each solution and geometry is summarized in Table  I . Note that the new attachment mode works for interior as well as exterior wedges.
Simplified Attachment Mode
The fold-over wedge attachment mode just described has the properties of being very general and accurate. However, this sophistication is not without a price, in that the mode is awkward to program in a general computer code, and uses a considerable amount of central processing unit (CPU) time. Also, the fold-over wedge mode does not appear to be easily generalized for antennas mounted near vertices.
For these reasons, a somewhat simplified attachment mode was considered, consisting of the current distribution of (3) on a disk as in Fig. 2(b) .
In other words, the simplified attachment mode is the same as the fold-over wedge attachment mode, except for that portion of the mode which folded around the edge. This simplified attachment mode was found to give approximately the same results as the more sophisticated fold-over attachment mode, and with less CPU time and programming difficulty. The missing "fold-over'' current of this simplified mode is accounted for by the surface patch modes which wrap around the edge of the wedge. As will be seen, this simplified attachment mode can be easily used for monopoles mounted near vertices. Wire radiusa = 0.0015 h. Fig. 6 shows how the simplified attachment mode can be used for a monopole mounted near a vertex of general angles. The function b(@) that defines the shape of the attachment disk is taken to be 0.2 h where possible, and conforms to the edges of the top face of the vertex geometry otherwise.
Vertex Attachment Mode
As in the case of the wedge, current flow around the edges is handled by surface patch modes.
If the two wedge angles of the vertex are different, best results are obtained by using the smaller angle for a. This procedure was found to be versatile and t o yield reasonably accurate results.
Results for Vertex Geometries
Figs. 7 and 8 show input impedance computed using this mode for a X/4 monopole mounted near the vertex of various geometries, along with other computations and measurements to be described later. The total number of modes and CPU times for these geometries are listed in Table I . Fig. 9 shows a far-field radiation pattern of the geometry of This figure compares the surface patch moment method result with a computation made using the geometrical theory of diffraction [ 6 1.
MM/GTD SOLUTION
The MM/GTD hybrid method has been previously described in the literature [ 3 ] , but a brief review may be helpful here. The method is best suited for solving problems involving wire antennas in the presence of large scatterers (wedges, plates, on an infinite ground plane. In either case, the MM impedance matrix may be computed using the free-space Green's function. The presence of the scattering structure is then accounted for by augmenting this matrix using the geometrical theory of diffraction [ 81. One way to think of this is that the special Green's function for the scatterer is being approximated in an asymptotic sense by the GTD terms. Since GTD is an asymptotic solution, it is to be expected that best results will occur for geometries which have characteristic lengths and distances that are large in terms of wavelength. However, as shown in [ 3 ] , accurate input impedances can be obtained for monopoles mounted as close as about 0.5 h from the edge of a wedge.
In this section a modification, first used by Ekelman
of the source fields of the GTD equations is described. This modification, denoted as the "three-point source formula," improves the accuracy of the near fields diffracted by the structure which results in accurate input impedance for a monopole as close as 0.1 h from an edge. The dyadic comer diffraction coefficient
[6] is also used here to provide an MM/GTD solution for a monopole near a corner.
Three-point Source Formula
When using the MM/GTD method, it becomes necessary to evalutate the near-zone diffracted field from each expansion mode on the wire. This is usually done by segmenting each expansion mode into a few segments with constant current. The total incident field from each expansion mode is then found by superposition of the fields of these short segments. However, the field of a short segment of current contains field components in the direction of the ray path, as well as field components transverse to the ray path. This presents a problem because GTD cannot accommodate ray path field components, which are particularly significant in the near field. This limitation can be eliminated, however, by using piecewise sinusoidal basis functions. The P W S modes have the unique property that their fields can be expressed by three terms which contain no ray path components, making them ideally suited for use with GTD. Fig. 10 shows a PWS dipole of half-length d lying along the z-axis with current defined by It is well known that the rectangular components of the electric field of this source can be expressed exactly in closed form [ 101. However, these expressions can be rewritten as follows [ 91 : where 7) = 377.0 a.
These three terms exactly express the fields of the PWS dipole and can be interpreted as spherical waves (with a l/sin 0 pattern factor) emanating from the top, center, and bottom of the PWS dipole, respectively. The important point is that these three terms only have field components transverse to their respective ray paths. This result was used to obtain all of the MM/GTD results presented here.
Results
Fig . 11 shows the input impedance of a h/4 monopole mounted on an infinite 90' wedge. An infinite wedge was used here for comparison with the MM/eigenfunction result, also appearing in Fig. 11 , which is of necessity for an infinite wedge. As can be seen from the figure, the input impedance This effect is t o be expected, since a sharp wedge has a stronger diffracted field than a blunt wedge. Fig. 8 shows the MM/GTD solution implemented for a monopole mounted near the comer of a 1 A square plate. This solution consists of three separate GTD diffraction mechanisms, shown schematically in Fig. 12(a) . The first two terms are half-plane edge diffractions from the plate edges a t distance d (close edge) and a t distance ( h -d ) (far edge), respectively. The third term uses the dyadic comer diffraction coefficient [ 61 to account for the effect of the nearest corner. The effects of the other three comers are ignored, as are higher order (multiple) diffractions. From symmetry, these three terms can be doubled to account for all four edges and both sides of the nearest comer. As can be seen from 4 -*..
-
.. function of the scatterer is used, rather than an asymptotic approximation as in the MM/GTD method, or a surface patch approximation to the scatterer's true surface current as in the surface patch moment method. For the case of the half-plane, the Green's function was capable of being expressed in a form very amenable to numerical computation [ 21, For the wedge, however, the Green's function consists of an infinite integral of an infinite series of fractional order Bessel functions [ 41. In particular, the imaginary part of the input impedance is difficult to compute accurately because of slow convergence of the series and a singular integrand. For this reason the extra effort required to compute the reactance was not made, and only the input resistance was computed via this method.
Although not widely known or used, there does exist a dyadic Green's function for a quarter-plane
[ 111 which, theoretically, could be used in an MM/eigenfunction solution for a monopole mounted near the corner of semi-infiiite quarter-plane. This Green's function, however, is an eigenfunction expansion involving Lami functions and is very unwieldy. Hence, n o consideration was given to such a solution here.
Results
Fig . 3 shows the input resistance of a h/4 monopole on an infiiite wedge of angle (Y computed by the MMIeigenfunction method. This result is compared to a surface patch result for a fiite-sized wedge, so the two input resistances are not expected to be identical, but only to have the same trend as the wedge angle is varied. Fig. 4 shows an MM/eigenfunction result for the input resistance of a h/4 monopole on a 90° infinite wedge versus d, the distance between the m o n e pole and edge. This result is compared to a surface patch solution and to measurements for a finite wedge, and again only the trends are to be compared. This result is compared to an MM/GTD result in Fig. 1 1. Fig. 5 shows input impedance of a h/4 monopole mounted on an infinite, 270' wedge versus d. In this case, the eigenfunction solution can be easily computed in terms of images, which is why the input reactance is shown.
V. MEASUREMENTS
All of the antennas whose input impedance was measured were constructed from 1/16-in thick square aluminum plates, 0.9 14 m on a side. These plates are 0.4 h square at f = 13 1.3 MHz (Figs. 4, 5, 7) , and 1 h square at f= 328.2 MHz (Fig. 8) .
The monopole was made from a stiff brass rod, mounted on a TNC-type connector. The reflection coefficient of the antenna was measured using an HP-8745A S-parameter unit and HP-8410A Network Analyzer.
One source of error in these measurements was interference caused by the feed cable (RG-58) extending down from the antenna. This problem was more significant for f = 131.3 MHz, than for f= 328.2 MHz when the monopole was mounted very close to an edge or comer. This problem could not be totally alleviated, and seemed to affect the input reactance more than the resistance.
VI. CONCLUSION
Three types of solutions-surface patch MM, MM/GTD, and MM/eigenfunction-have been presented for the problem of a wire monopole mounted near the edge of a wedge or near a vertex. Results for input impedance have been computed and compared with measurements. The radiation pattern of a monopole near the comer of a 1 h square plate has been presented, and may serve as a check for asymptotic corner diffraction coefficients currently being developed. The advantages and disadvantages of the above three methods will now be summarized. The surface patch moment method is a versatile tool for handling a wide variety of problems. Its main limitation is that geometries be n o larger than about 10 h2 in area. It is capable, as has been shown, of providing accurate results for input impedance and far fields, even for a monopole mounted virtually on an edge or vertex. Its disadvantages are that it requires a complicated computer code and, compared to the other methods, long CPU time.
The MM/GTD method, by contrast, is only slightly more complicated to program (for structures like wedges and vertices) and uses only slightly more CPU time than a standard thin-wire M M solution, and works best for large bodies.
Its main disadvantage is that accurate input impedance cannot be expected if the antenna is closer than 0.1 h or 0.2 h from an edge or comer. The MM/eigenfunction method would be expected to be the most accurate of any of the methods considered here, but probably would not be used for practical calculations due to its complexity (in evaluating the Green's function accurately) and the fact that it is suitable only for geometries which are infinitely long. Its principal use is as a canonical solution for comparison with other results.
